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This work studies the use of a wave absorbing control law for vibration 
suppression of flexible spacecraft structures. A major advantage of this method is that it 
does not involve truncation into a finite dimensional mathematical model. A closed loop 
scattering matrix was derived which gives the relationship between incoming waves, 
outgoing waves, sensor, and actuator. The control law was determined by minimizing the 
H-infinity norm of this matrix. The control law was applied to the Naval Postgraduate 
School's Flexible Spacecraft Simulator (FSS) for vibration suppression. The simulator's 
flexible beam was controlled using piezoelectric ceramic wafers as sensors and actuators. 
The H-infinity wave absorbing controller contributed significant damping to the structure, 
especially at the first mode of I Hz Therefore, wave absorbing control and piezoceramic 
sensors and actuators offer a viable approach for vibration suppression of space structures. 
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Recent trends in spacecraft design have Jed to larger and more flexible structures. 
Large structures such as Space Station Freedom pose interesting new problems in 
structural dynamics and control. In addition, modern sensor equipment has become more 
and more accurate, making it highly sensitive to structural vibration. For example, an 
antenna or optical sensor, requiring a high degree of pointing accuracy may be mounted 
on a flexible structure connected to the spacecraft bus. The antenna will be subjected to 
vibration from the spacecraft bus due to slew maneuvers, momentum wheel vibration, and 
thruster firing. Passive vibration isolation can absorb some ofthe energy. However, 
modern payloads have led to a requirement for active vibration control and isolation. 
There have been two major approaches to vibration control of flexible structures. 
The first, and more conventional approach, is based on modal control of the structure such 
as described by Newman [Ref 1]. This approach usually suffers from modeling errors and 
state estimation. The use of modal model based control laws has been an area of intense 
research during the last decade. The second approach describes the structural response in 
terms of an elastic disturbance which travels through the structure. [Ref 2] In this 
approach, compensators are designed to reduce the effects of incoming waves on outgoing 
waves. The advantages of the wave absorbing approach are: 
• Relatively simple to implement 
•Broadband control 
• Does not require finite element analysis or modal model 
B. FOCUS OF THESIS 
This thesis concentrates on three areas. First, a wave absorbing controller will be 
derived using an H-infinity approach similar to one used by Matsuda and Fuji [Ref 3]. 
Second, the control law will be simulated using a finite element model of the beam to be 
studied. The transfer function of the open loop system will be found using modal 
truncation, then the loop will be closed with the H infinity controller. Last, the control 
law will be implemented on the Naval Postgraduate School's Flexible Spacecraft Simulator 
(FSS). The control law will be applied by a real time control system using Matri"x TM, 
System BuildTM, and AC-1 00 by Integrated Systems Incorporated (IS I). The results of 
the experiment will be compared the analytical computer simulation. 
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II. THEORETICAL ANALYSIS 
A. WAVE ABSORBING CONTROL 
This thesis approaches active control of the Flexible Spacecraft Simulator (FSS) 
using a wave absorbing control theory. The response of the beam is viewed as a travelling 
elastic disturbance due to a locally applied force. This approach has been developed by a 
number of sources such as von Flotow and Shafer [Ref 4], MacMartin and Hall [Ref 5], 
Matsuda and Fuji [Ref 3] and Fuji et al. [Ref 6]. 
1. Dynamic Model 
The FSS setup is shown in Figure 1. The base of the flexible beam is fixed to the 
center body with the other end of the beam free. Using the Euler-Bernoulli beam theory 
the dynamics of a flexible beam are given by the following partial differential equation: 
(2.1) 
X 
Figure 1. FSS Beam Model 
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The boundary conditions are : 
Clamped end: w(O, t) = 0, w(O, t) = 0 (2.2) 
Actuator moment: (2.3) 
where w(x, t) is the lateral displacement, Me is the bending moment, EI is the bending 
rigidity, and pA is the mass per unit length. The moment and shear force at the free 
end are zero, but will not be necessary for the derivation. As can be seen in equation 
(2.3), the control forces can be accounted for via the boundary conditions, which 
allows the force term on the right hand side of equation (2.1) to be taken as zero. 
a. Laplace Transform Solution to Beam Equation 
The partial differential equation (2. I) can be analyzed using the 
Laplace transform. The initial conditions, w(x, 0) and w(x, 0) are assumed to be zero. 
The nonzero values of w(x, 0) and w(x, 0) obviously do not make a difference in the 
final result. 
L[w(x, t)] = W(x, s) = f~ w(x, t)e-s1dt 
a2w - .2 . L[ , ] -.\ W(x,.'l) dt-
1 [a
4
w1 SOC! a-~w -sld d
4 Wi( ·) 
"' - 4 = <l - 4 e t = -d 4 x, ·' OX CX X 
The fourth order partial derivative becomes an ordinary derivative since time is 
"frozen" in the s domain. This reduces the Euler-Bernoulli beam equation to: 
2 d
4







a2 = EI 
pA 
b. State Space Representation 
(2.8) 
The analysis of equation (2. 7) can be simplified by using state 
space methods. A state vector containing the cross sectional properties of the beam is 
introduced. 
y, w 





w = sw is the lateral velocity 
e = s~: is the angular velocity 
M = El2~' is the internal bending moment dr 
0 = Hid w is the internal shear moment 
- d-r' 
The state vector (2. 9) can be used to transform equation (2. 7) to a set of 
first order state equations in terms of x in the form: 
dY =AY 
dx 
Let us introduce p = ~ and proceed as follows. 
dv1 dw o. 
-· =- = u =y2 dx dx 
dv2 dH d2w AJ s 





dy3 _ ..f!...dA4 _ ..f!...Q _ 
dx - EI dx - EJ- - Y 4 
Using the dynamic system equation (2. 7) we can detemine 
Therefore 
dv4 . 
-· = -psw = -pw = -py1 dx 
This leads to the state equation: 
dr 
dx 
0 I 0 0 
0 0 p 0 Y=AY 
0 0 0 I 








The solution of the ordinary differential equation shown above is given 
by 
Y(x) = eAxY(O) 
= lJeAx u- 1 Y(O) (2.18) 
where A is found by similarity transformation of A . This can be done by solving the 
following eigenvalue problem. 
l!A =All (2.19) 
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As can be seen from equations (2. 18-22), the solution yields imaginary 
solutions. A more useful solution can be transforming the matrix A or its diagonal 
transformation to real Jordan canonical form. [Ref 3] As discussed in the next section 
this will also yield a state vector in terms of travelling waves instead of cross sectional 
variables. 
c. State Vector in Term.~ of Travelling Wave.~ 
The state vector Y from the previous section is defined in terms of 
the cross sectional variables ofthe beam. As stated at the beginning ofthis chapter, we 
desire to study the disturbances in the beam in terms of travelling waves. The matrix A 
can be transformed to real Jordan canonical form by the matrix K. [Ref 7, pp 144, 145] 
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I . 0 - _!. 0 2 2 
I i 0 0 -
K= 2 2 (2.23) I i 0 0 - --2 2 
0 0 I i 2 2 
-
The new matrix A can then be formed by the similarity transformation 
A.= (K-1 u-1)A(UK) = p- 1AP (2.24) 
where 
[ip 0 [ip 0 
' 
2 0 2 
p = l!K = l. P' P' -p' P' 2 0 [ip 0 -/ip (2.25) 
~ 0 ~ 2 
-p' P' P' P' 
Using this transformati ·:.n the state vector can be changed to 
Y=PV (2.26) 
where the new state vector V contains the amplitudes of the travelling wave modes. 
V= (2.27) 
This notation is similar to that used in liturature used in microwave circuits. [Ref 4, pg. 
674] At any point along the beam the motion can be described by four modes, two 
incoming and two outgoing waves as shown in Figure 2. 
8 
+- al bl +-
+- a2 b2 +-
___. bl al ___. X 
___. b2 a2 ___. 
(clamped) (free) 
~ L ~ 
Figure 2. Travelling Wave Modes 
The new state vector varies with postion along the beam according to the 
new state equation 
1 1 0 0 
cw=AV= [f 1 1 0 
dx ·{2 00-1 
0 
0 0 -1 -1 
Equation (2.28) has a solution ofthe form 
V(x) = eAx V(O) 
The matrix e··Lt can be represented by 
e'' = [ e~'x ),, ] 
- - -





Next the inverse Laplace transform (with respect to x) 
eAx = L -I [(sf- At 1 ] (2.31) 
is used to find the exponentials along the diagonal of equation (2.30). Let c = Jf, 
then 
(sf- A I) = [ s - c -c ] 
c s-c 
(2.32) 
( ·]-A )-1 = I [ s- e e ] .\ I , , (s-c)-+c- -e S - e (2.33) 
By taking the inverse Laplace transform usmg equation (2.31) the first diagonal 
element of equation (2.30) is found. 
[ 
ecxcos ex ecxsin ex ] 
e:l 1x = 
-e ex sin ex e ex cos ex 
(2.34) 
The second diagonal element can be found in a similar fashion leading to the solution 
ecxcos ex ecxsin ex 0 0 
V(x) = -ecxsin ex ecxcos ex 0 0 V(O) 0 0 e-cxcoscx e-cxsin ex 
(2.35) 
0 0 -e-cxsin ex e-cxcos ex 
To determine the wave amplitudes for the pinned and free end of the beam in Figure 
2, the solution is determined for x L This leads to the same solution as determined 
by Matsuda and Fuji. [Ref 3] 
lO 
Q) eexcosex eexsinex 0 0 OJ 
a2 (L) = -eex sin ex e ex cos ex 0 0 a2 (0) 
bl 0 0 e-cxcosex e-exsin ex bl 
(2.36) 
b2 0 0 -e -ex sin ex e -ex cos ex b2 
d Boundary Conditions 
The boundary conditions are given by equations (2.2) and (2.3). The 
boundary conditions can be transformed to the new coordinates by equation (2.25). 
w 
[1000] e 
= { ~'} ooFfo ;IM (2.37) 
;IQ 
which can be rewritten as 





= { ~'} [ I 0 0 0 ]( 1) P' p3 -p3 p3 a2 (2.38) ooE}o 2 0 fip 0 -fip hi 
, , , , 
h2 
-p' p3 p3 p3 
or 
(2.39) 
This equation can be solved for the outgoing wave amplitudes [ b 1 , b 2] as a function of 
the incoming wave modes [ a, ,a2 ] and the control moment Me 
I I 
{ ~: } = [ ~~ n{ :: } + f -~ } ;#, (2.40) 
2. Control Law 
a. System Equation in Four Block Form 
The wave equations derived in Section I can be written as a 
standard four block form in robust control theory. The equations are as follows. 
b =Sa+Bu (2.41) 
y= Ta+Gu (2.42) 
where the matrix S, which in this special case is called the scattering matrix contains 
the reflection coefficients. The standard four block form is written as 
The block diagram for this system is shown in Figure 3. 
a 
-. 






Figure 3. System Block Diagram 
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(2.43) 
The controller inputs are of the form 
u=Ky 
;1Mc = Ke 





H = K(l- GK)-1 







The closed loop system between a and h can be determined by combining equation (2.46) 
with (2.41) 
h = Sa+ BHTa = (S + BHT)a (2.49) 
or 
(2.50) 
where sci is the closed loop scattering matrix. 
For the system derived in Section 1, the four block form equation can be 
determined from the transformation (2.26) and equation (2.40). 
w /2p 0 /2p 0 GJ 
e 0 0 2 2 
= (±) P' P' -p3 P' a2 aM /2p -/2p hi (2.51) Rl 0 0 
;IQ 
, 0 , , 
h2 
-p.1 P' pl P' 
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The input equation (2.44) can be determined by using the second and third row equations 
in (2.51) above. 
(2.52) 
(2.53) 
The above two equations are combined producing 
(2.54) 
Equations (2.40) and (2.54) form an equation appropriate for a control system design. 
{ ~} = (2.55) -1 0 0 0 1 -flp-1 3 3 -(~) ~ p2 p2 
The first row of this equation can be dropped since h 1 cannot be physically controlled by 
Me This wave mode is called a "far field" mode since it represents a mode transmitted 
along the beam's axis for a long distance. Therefore, the closed loop system Sci can be 
determined. 
where 
sc1 = [ o 1 ] + ( -J2 p-1) H[ p~ p~ J 




b. H infinity Compensator Design 
In order to minimize the effect of the incoming waves on the outgoing 
waves, it is desirable to choose a compensator K for which the "magnitude" of the closed 
loop scattering matrix is minimized. This is motivated by drawing energy out of the 
system at the junction point where the actuator is located. 
The magnitude of a matrix can be measured by its norm. One type of 
matrix norm is the H infinity norm which is given by 
(2.58) 
cr is the largest singular value The singular values can be found by 
(2.59) 
where 5';.1 is the complex conjugate of Sc1, and Ai are the eigenvalues of the matrix in 
parentheses. The eigenvalues are found by 
) * ) [ -X( -jm) ] [ vr; ) 1 vr; ) J 
• cfL cl = 1 -X(-:/m) -A\JlU -A\JlU (2.60) 
A- X(jm)X(-jm) X(-:fm)[1- X(jm)] 
X(jm)[1 - X(-:fm)] A- [1- X(jm)][1 - X(-:fm)] =0 (2.61) 
Solving the determinant above leads to 
cr2 =A= 2[ X(jm)- tJ[ X(-)m)- tJ + t (2.62) 
The smallest solution for equation (2.62) occurs at X(s) = t which gives cr = ~~ . Now 
' 
equation (2 57) can be solved for H. 
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Using equation (2.48) K can be determined as 
I 
K--2 (!!.)2 
- 3./2 s 
(2.63) 
(2.64) 
As seen in equation (2.44) K gives the relationship between the angular 
velocity,El, and the actuator moment, M,. However, the sensor for the FSS beam gives 
the angle 8 for an output. Thus it is desired to find a transfer function from 8 to Me. This 
transfer function can be found by taking the Laplace transform of(2.44). 
; 1Mc(.11) = Ks8(s) (2.65) 
Combination ofthis equation with (2.8) and (2.64) yields 
(2.66) 
This transfer function was derived for a beam clamped at the base and free 
at the end The transfer function above was also derived for a pinned-free beam by 
Matsuda and Fuji [Ref 3] using the H-infimty approach. A similar tranfer function was 
found by MacMartin and Hall [Ref 5] by minimizing the H infinity norm of the power 
flow into the system. MacMartin and HaE .Jso point out that this solution extracts half of 
the power at all frequencies. This is in contrast to other controllers which are more 
effective at a given mode, but cannot add significant damping at all of the modes at the 
same time. 
The control law given in (2.66) is effectively a "half differentiatorn It is 
similar to velocity feedback with a forty five instead of a ninety degree phase lead. In 
order to implement this control law the function F must be estimated by a rational 
16 
transfer function. As shown by MacMartin and Hall [Ref 5], this irrational function can 
be approximated over a wide frequency range by a finite number of zeros and poles spaced 
logrithrnically along the negative real axis. Figure 4 shows the Bode plot for four zeros 
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B. SENSOR AND ACTUATOR 
The sensors and actuators for the FSS beam are nearly collocated at the base and 
can be seen in Figure 5. Both the sensor and actuator are made of piezoelectric ceramic. 
As seen in the figure, the piezoelectric wafers are stacked. This allows for high sensitivity 





Figure 5. First Beam Element with Sensor Actuator Pair 
1. Piezoelectric Material 
Piezoelectric ceramics have many advantages as actuators and sensors. Table 1 
shows the advantages of using piezoelectric materials in structural vibration control. 
[Ref 8] 
The usefulness of piezoelectric ceramics in vibration control is derived from their 
ability to convert electrical energy into mechanical energy and vice versa. When a force is 
18 
applied to the material, it creates a voltage proportional to the applied force. Conversly, 
when an electric potential is applied across the ceramic, it creates mechanical strain. 
Sensor 
high strain sensitivity 
low nmse 




sufficient stress to control vibrations 
good linearity 
low power consumption 
easily implemented 
Table I. Advantages ofPiezoelectric Ceramics 
2. Sensor 
I 
It can be shown that a piezoelectric material produces voltage proportional to 
strain when force is applied. [Ref 9] This voltage is given by the equation 
(2.68) 
The material constants for the Navy Type II PZT, which is used in this study, are given in 
Table 2. 
Constant Description Units Value I 
d31 Lateral Strain m/V or Coui/N l.Se-10 
E Young's Modulus Pascal (N/m2) 6.30el0 
v Poissons Ratio n/a 0.35 
D Abs Permittivity Farad/m or N/V2 l.Se-8 
ts Sensor Thickness m 2 x 1.905e-4 
th Beam Thickness m 1.588e-3 
A Sensor Area 0 4.839e-4 m-
Table 2. Material Constants for Navy Type II PZT 
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The strain developed at the cross section of the beam at a distance h from the midplane of 
the beam is 
- -ha2w Ex- a, 
x-
(2.69) 
Combine this equation with (2.68) to get 
V (x) = ka2w 
s ax2 (2.70) 
where 
k = -ht Ed31 (1 - v) 
s D (2.71) 
Since the sensor is distributed along the beam, however, the measured sensor output is 
the average voltage over the length, L, of the wafer. 
V =A fxp+l V (x)dx 
a /, Xp s 
= A[ow]Xp,J = ![8 -8 ] 
L OX Xp L p+l p 
k Va =-8 L 
(2.72) 
(2.73) 
Thus, the voltage output of the sensor is directly proportional to the effective bending 
angle over the sensor element. The value of I for the FSS beam is -I. 3 78 x 10-4 
rad/volt. 
3. Actuator 
The actuator produces a moment proportional to the voltage across its terminals. 
The electric field across the wafer is related to the voltage by 
20 
v <1>=-fa 
A lateral strain is induced by this electric field and is given by 




where Ax is the wafer cross section. If his the width of the actuator, then equations (2. 74) 
to (2.76) can be combined to find the force along the midplane ofthe actuator. 
(2.77) 
Since there is a piezoelectric stack on each side of the beam, the moment developed by the 
actuator is 
M = 2hEd (ta+th)V 31 2 (2.78) 
Using h = 1.905 em. and values from Table 2 this equation becomes 
M = (.01675~~')V (2.79) 




III. STRUCTURAL RESPONSE SIMULATION 
The open loop transfer function was determined by a modal model which was 
generated by truncating a desired number of modes. The open loop transfer function, G(s), 
and the H-infinity controller, H(s), were then discretized and formed into the closed loop 









Figure 6. System Block Diagram 
A. OPEN LOOP TRANSFER FUNCTION 
theta(z) 
The beam dynamics were determined by a modal modeL The equation of motion 
for a lumped parameter model is given by the matrix equation 
Mij + Cq + Kq = F(t) (3.1) 
where 
M is the mass matrix 
23 
(' is the damping matrix 
K is the stiffness matrix 
q is the vector of generalized coordinates 
The beam is modeled with eight finite elements as shown in Figure 7. The mass 
and stiffness matrices were constructed using the finite element method. [Ref 10, pp. 
300-328] Element mass and stiffness matrices were calculated and combined to form the 
global mass and stiffness matrices for equation (3 .I). These matrices can be seen in the 
program BEAM.M in the Appendix A. It should be noted that the vertical dispacements 




e(2-7) = 0.0635 m 
e(8) = 0.145 m 
4 5 6 7 
\ 
lumped mass ( 0. 46 7 kg) 
f ~ L___l el_ement 2_1f ~ 
ql q2 q3 q4 
Figure 7. Finite Element Model 
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The generalized coordinate vector can be decoupled into modal coordinates. [Ref 11, 
pp.1 04-I 07] 
q(t) = • 
n 
= <l>fl(t) = L: ~ ;fl ,.(t) (3.2) 
• i=l 
The vector f](t) contains the modal coordinates, and the modal matrix <I> contains the 
system eigenvectors normalized with respect to the mass matrix. The number of modes, 
n, for the lumped parameter model is equal to the number of generalized coordinates. A 
reasonable solution can be found by truncating the number of modes into a physically 
meaningful number. For example, three modes are often adequate to describe the 
longitudinal vibration of a simple cantilevered beam. [Ref II, pp. 292-293] 
Equation (3 .2) is substituted for the generalized coordinates in equation (3. 1) and 
premultiplied by <I> T to get the equation of motion in terms of the modal coordinates. 
(3.3) 
The first coefficient matrix is the modal damping matrix. 
2pJUJJ 0 0 0 0 
0 • 0 0 0 
Ac = <f>TC<f> = 0 0 • 0 0 (3.4) 
0 0 0 • 0 
0 0 0 0 2pi6UlJ6 
25 
The modal stiffness matrix is 
2 
mi 0 0 0 0 
0 m~ 0 0 0 
Ak = <l>r K<l> = 0 0 • 0 0 (3.5) 
0 0 0 • 0 
0 0 0 0 m~6 









Note that since the actuator is mounted on the first element, the external moment, Me , is 
applied to the second coordinate, q(2) = e 1 . 
The modal matix equation (3.3) can be separated into its individual equations in 
the form 
i -, 1,2, ... ,11 (3.7) 
The Laplace transform of this equation is. 
(3.8) 
which leads to the transfer function for l11(s) and l !(s) as follows 
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TJ;(s) - /; 
U(s) - s2+2pm;s+m; (3.9) 
Equation (3.9) gives the transfer function from the input, U(5), to the i-th modal 
coordinate,ll;, where i = 1,2, ... , 16. 
Now, the system transfer function for a physical coordinate can be determined. 
The output equation for a single input, multiple output system is 
(3.10) 
As discussed in Chapter II, the piezoelectric sensor mounted on the first element measures 
the angle 8 1 . Thus the output equation becomes 
y(t) = e 1 (t) = [ o 1 o • • o ]q(t) (3.11) 
(3.12) 
This equation leads to a single input, single output system. Using the transformation to 
modal coordinates given by equation (3.2), the output equation becomes 
ll 
81 (t) = L: <l>2,ill;(t) (3.13) 
i=l 
where <1> 2., denotes elements of second row of <I>. Convert this equation to the s domain 
using the Laplace transform. Therefore, 
II 
81 (s) = L <!>2Jll;(s) (3.14) 
i=l 
Combining this equation with (3.9), and the fact that the input ll(\) MJ\), yields the open 
loop transfer function. 
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G(s) = e1(s) = f. <h/ 
Mc(s) 1·-1 s 2+2p m s+m 2 - I I 1 
(3.15) 
As seen in Figure 8, one way to view equation (3. 15) is n single transfer functions 
combined in parallel. This can be easily implemented using the Matlab ™ Control Systems 
Toolbox "parallel.m" command. 
Figure 8. Open Loop Transfer Function 
B. DISCRETE TRANSFER FUNCTIONS 
Each transfer function was tranformed to the z (discrete) domain before forming 




where Tis the sampling period and s =-a+ jmT. 
The open loop transfer function, determined by equation (3. 15) was converted to a 
discrete transfer function using a Tustin transformation. The Tustin transformation shown 






The Tustin transformation maintains the frequency response of the continuous system 
while preserving the mapping of the s-plane into the z-plane. 
The transfer function for the estimated H-infinity controller was transformed to the 
z domain by the matched pole zero technique. Recall from Chapter II that the H-infinity 
controller was irrational and was estimated using zeros and poles spaced logrithmically 
along the negative real axis. These zeros and poles can be mapped directly to the z 
domain by replacing each zero or pole terms+ a with its discrete equivalent, z- e-aT. 
The gain for the discrete transfer function is chosen so that G(z)lz=l = G(s)ls=O. 
[Ref 12, pp.304-305] Using Matlab™ the equivalent form of equation (2.64) is 
G(z) = k(z+l.OOOOOO)(z+.99995)(z+.995012)(z+.60653l) 
(z+. 999995)(z+.999500)(z+. 951229)(z+.006738) 
C. CLOSED LOOP SYSTEM 
(3.18) 
Control of the beam was simulated by closing the loop using H infinity controller, 
( /S) and derivative (s). Also, a second order filter was incorporated to study the effects 
of filtering the sensor output in the system. The closed loop transfer function was 
determined using the feedback command in MatlabTM. 
D. SIMULATION RESULTS 
The open and closed loop Bode plots for the H-infinity controller are shown in 
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Discrete Bode Plot: Open and Closed Loop (Ts=0.01 sec} 






































Response of System to Sinusoidal Input (Ts=0.01 sec) 
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The Bode plot becomes inaccurate at frequencies above the Nyquist rate of 3 14 radians 
per second due to the system being discrete with a sampling period ofO.Ol seconds. 
Figure I 0 shows the time response to a sinusoidal input of I Hz which is the first 
natural frequency of the beam. This plot shows a dramatic reduction in the amplitude of 
the closed loop system for the first two modes (I and I 7 Hz). 
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IV. EXPERIMENTAL ANALYSIS 
A. SETUP 
The wave absorbing controller was implemented on the Flexible Spacecraft 
Simulator at the Naval Postgraduate School. Figure 11 shows an overall picture of the 
system. 
Figure 11. Flexible Spacecraft Simulator 
The spacecraft simulator consists of a center body which floats over a granite table 
on air pads and rotates around an air bearing. A momentum wheel is mounted on the body 
to allow for slew maneuvers and in this experiment is used as a disturbance source. The 
flexible beam is attached to the center body as shown in Figure 12. 
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Figure 12. Flexible Beam 
The beam is controlled by a piezoelectric sensor-actuator pair mounted at the base of the 
beam as seen in Figure 13. The dimensions of the sensor and actuator are shown in Figure 
5, Chapter II. 
Figure 13. Sensor and Actuator 
The digital control system was implemented using Matrix"™, System Buildn1, and 
AC-1 OOTM control hardware. The control law was designed using block diagrams in 
System BuildTlvt The system was then compiled, linked and loaded into the AC-IOO™, a 
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The AC-IOO™ has an output of plus or minus 10 Volts. This signal was amplified 
by two Kepco™ amplifiers connected in series. This allowed a range of plus or minus 75 
Volts for the piezoelectric actuator input. 
The momentum wheel was used as a disturbance force and is controlled by voltage 
with I Volt per 300 RPM. In order to provide a disturbance torque at a desired frequency 
the momentum wheel was spun up to a set RPM, then the wheel RPM was modulated at 
the desired frequency. The control blocks for the momentum wheel are also shov.'n in 
Figure I4. 
B. EXPERIMENTAL RESULTS 
1. Initial Tests 
The initial choice for the digital sampling rate was I 00 Hz. Sampling rates of 50, 
200, and 400 Hz. were also used. The I 00 and 200 Hz sampling rates appeared to be a 
reasonable choice. 
The main difficulty at the initial stages of the experiment was high frequency noise 
coming from the sensor. Whenever there was a large jump in the sensor signal between 
samples, the output to the actuator would have a large jump in voltage, causing the 
actuator to click These voltage jumps, possibly as high as ISO Volts, could cause damage 
to the piezoelectic actuator Thus, different sampling rates were tried. The higher 
sampling rates worked well at reducing the voltage steps between samples, since the 
sampling period was shorter, making the actuator output closer to continous. However, 
the higher sampling rates also allowed more of the higher frequency noise into the system. 
The lower sampling rates, allowed less noise in the system, but had large voltage jumps 
between samples. 
The solution to these problems was to insert a low pass filter at the sensor output. 
A number of filters of different orders and cutoff frequencies were tried. The final choice 
was a second order filter with a damping ratio of 0. 707 and a cutoff frequency of 30 
radians per second ( 4. 8 Hz). This filter, combined with a 100 Hz sampling rate, allowed 
good, stable performance for H-infinity and derivative control. 
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2. Free Response of the Beam 
The free response of the beam was tested for the first two modes. The beam was 
set to an initial condition and allowed to vibrate freely. The plots for response of the first 
two modes are shown in Figures 15 and 16. Note that the second mode plot data was 
collected at a rate of 500Hz for more accuracy. In order to get a good plot of the second 
mode the data was filtered using a high pass FIR filter with a cutoff frequency of 14 Hz. 
This filtered out the dominant first mode and allowed for a better view of the second 
mode. 
The damping ratio of each mode was determined by noting that the amplitude of 
the wave at any time, t, is determined by 
(4.1) 
where Ao is the initial amplitude and m n is the frequency of that mode. If the amplitude is 
measured at two different points on the plot the damping ratio can be found by solving for 




Frequency (Hz I (radlsec)) 
0.95 I 5.97 




Table 3. Free response damping ratios 
(4.2) 
The damping ratios determined experimentally were used for the finite element 
program described in Chapter III. The higher modes were estimated to be about the same 
for the program. Also, note that the first two natural frequencies agree well with the 
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Figure I6. Free Response, Mode 2 ( I 7 Hz) 
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3. Initial Condition Response with Active Control 
In this part of the experiment, the response of the beam to an initial condition was 
tested with two different control laws. The first was the H-infinity (or JS) 
controller, and the second was a derivative control. As pointed out in Chapter II, the 
H-inifity controller in this case is similar to the derivative control. It provides a phase lead 
of 45 degrees instead of 90 for the derivative controller. Its magnitude rolls off more 
sharply compared to the derivative controller at higher frequencies. 
The results are shown in Figures 17 and 18. A damping ratio for each case was 
calculated in a similar fashion to the free response in the previous section. The measured 
frequencies and calculated damping ratios are shown in Table 4. 
Frequency Damping 
(Hz) Ratio 
Free Response 0.95 3.9x10-3 
H-infinity Control 0.98 3.7x10-2 
Derivative Control 0.96 3.9xlo-2 
Table 4. Damping Ratios 
From the results in Table 4 the derivative controller seems to be slightly better than 
the H-infinity controller at this frequency. However, as can be seen in Figure 18, the 
derivative controller began to excite the second mode after about 30 seconds. The 
derivative controller was also much more sensitive to noise in the system and often caused 
spikes in the voltage signal sent to the actuator. The H-infinty controller, on the other 
hand, was less sensitive to noise and gave a smoother input to the actuator. The H-infinity 
controller turns out to produce reliable performance and was more stable. 
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4. Forced Response 
The forced response of the closed loop system was tested using the momentum 
wheel as a disturbance source. Different runs were made using different frequencies. 
Both H-infinity and derivative control laws were implemented. 
As discussed previously, the system had stability problems with high frequency 
noise and large voltage jumps. Thus, there was a necessity to use a low pass filter. 
Initially first and second order filters with 30, 50 and I 00 rad/sec cutoff frequencies were 
used. The most stable performance was achieved using a second order 30 rad/sec filter. 
This reduced the effective bandwidth of the controller to 4. 8 Hz. Also, the filter began to 
reduce the amount of phase lead of the controller as the disturbance frequency came near 
4.8 Hz. 
The controller did, however, work well within the low pass bandwidth with 
significant active control action near the first natural mode of 1 Hz. The results of 
closing the control loop are given in Figures 19 and 20. The decrease in amplitude for 
both controllers was calculated and is shown in Table 5. 
Controller (Initial/Final) amplitude Decrease in amplitude( dB) 1 
H-infinity 5 14 
Derivative 3.35 10.5 
Table 5. Controller performance (1 Hz disturbance) 
The H-infinity controller performed better in this case. A significant reason for 
this was that the H-infinty controller was less sensitive to noise and, therefore, the gain 
could be increased to get full use of the 150 V peak to peak output of the actuator 
amplifier. The derivative controller became unstable if the gain was increased too much, 
even with the low pass filter. Figure 20 shows that the derivative controller begins to 
excite higher modes after about 55 seconds. The H-infinity controller, combined with the 
second order filter, showed no tendency to excite the higher modes when subjected to the 
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Figure 19. Forced Response, H-infinity Control (1 Hz disturbance) 
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V. SUMMARY AND CONCLUSIONS 
Active control of flexible spacecraft structures has become an important topic. 
Larger and lighter structures supporting more sensitive equipment have led to the need for 
active control of spacecraft structures. This thesis studied a wave absorbing approach to 
this control problem. A closed loop scattering matrix was derived which determines the 
relationship between incoming waves, outgoing waves, sensor and actuator. The control 
law was found by minimizing the magnitude of this closed loop scattering matrix. 
Theoretically, this approach allows for a relatively simple control law, broadband control, 
and does not require a modal model ofthe system for operation. 
This control law was then applied to the Flexible Spacecraft Simulator (FSS). The 
sensing and actuation for the flexible beam was implemented by piezoelectric ceramic 
wafers mounted at the base of the beam. The control law was tested by simulation on a 
computer, and then by applying it to the hardware in the lab. 
The computer simulation showed that the controller was useful over a broad range 
of frequencies below the Nyquist rate of the digital system. The results from the FSS 
confirmed this for frequencies below 5 Hz. At higher frequencies the controller had some 
problems due to sensor noise requiring a low pass filter, and thus limiting the bandwidth of 
the system. At the first natural frequency of I Hz the H-infinity controller performed well 
and increased the damping ratio of the system from 3. 93 x 10-3 to 3. 7 x 10-2. The 
controller also decreased the amplitude due to a 1 Hz sinusoidal disturbance by 14 dB. 
Some recommendations for further study include adding a weighting function to 
the terms in the closed loop scattering matrix. This would allow for weighting the output 
of the controller at desired frequencies. It also allows for implementation of a low pass 
filter before the H-infinity norm of the matrix is minimized. Another area of study would 
be the use of analog filters on either the sensor output or the actuator input. The former 
could be used to filter out noise from the sensor. The latter would be useful in smoothing 
out the signal sent from the power amplifiers to the piezoelectric actuators. The filters, 
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however, will change the phase of the closed loop system, which is another area to be 
addressed. Lastly, the sensor and actuator were assumed to be collocated for this study. 
Their centers are 1.96 inches apart. This should not be a problem for the lower modes of 
the system. However, it is possible that at higher frequencies, the phase difference 
between the wave at the sensor and actuator could cause a stability problem. This could 
be alleviated by solving the scattering matrix for a noncollocated sensor and actuator. 
In conclusion, the use of a wave absorbing controller with piezoelectric sensors 
and actuators could be a viable approach to vibration suppression of space structures. As 
discussed by von Flowtow [Ref 13] and Fuji, Ohtsuka and Murayama [Ref 6], 
eventually, this approach can be applied to large flexible spacecraft structures with 
multiple noncollocated sensors and actuators. The wave absorbing control approach 
combined with new sensor and actuator technology such as piezoelectric ceramics 
presents a wide area for further research. 
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%***************************************************************** 
% Beam Simulator * 
% * 
% This program models a beam 27 inches long with lumped masses* 
% to change the natural vibration frequencies. The beam is * 
% modeled using a finite element model with 8 elements. The * 
% transfer function (thetajmoment at element 1) of the beam is * 
% found using modal truncation. The program allows a variety of * 
% control laws to be tested by the user. Included are the H * 
% infinity controller (sqrt(s)), Derivative, and Integral * 
% control. Also a second order filter with a variable cutoff * 
% frequency can be applied to the H infinity or Derivative * 














% linear mass density (kg/m) 
% lumped mass (kg) 
% lumped mass rotary moment of inertia (kgm~2) 
% elemental length (m) 
% 1st element length (m) 
% 8th element length (m) 
% beam cross sectional moment of inetria (kgm~2) 
% Youngs modulus (aluminum) 
% # of elements 
% Estimated damping ratio for beam (Exp from 1st 2 




% H infinity gain (due to beam properties) 
% Sampling period for discretized system 
% Elemental mass and stiffness 
m11=m*h*[156 22*h;22*h 4*h~2]/420; 
m22=m*h*[156 -22*h;-22*h 4*h~2]/420; 
m12=m*h*[54 -13*h;13*h -3*h~2]/420; 
m21=m12'; 
m11e8=m*h8*[156 22*h8;22*h8 4*h8~2]/420; 
m22e8=m*h8*[156 -22*h8;-22*h8 4*h8~2]/420; 
m12e8=m*h8*[54 -13*h8;13*h8 -3*h8~2]/420; 
m21e8=m12e8'; 















% Add lumped mass (possible 9 nodes) 




% Elemental stiffness matrices 
kll=E*I*[l2 6*h;6*h 4*h~2]/h~3; 
k22=E*I*[l2 -6*h;-6*h 4*h~2]/h~3; 
k12=E*I*[-12 6*h;-6*h 2*h~2]/h~3; 
k21=k12'; 
klle8=E*I*[l2 6*h8;6*h8 4*h8~2]/h8~3; 
k22e8=E*I*[l2 -6*h8;-6*h8 4*h8~2]/h8~3; 
k12e8=E*I*[-12 6*h8;-6*h8 2*h8~2]/h8~3; 
k21e8=k12e8'; 















% Find mode shapes and natural frequencies 
[V,D]=eig(gk,gm); 
[lambda,k]=sort(diag(D)); 






% Calculate the open loop transfer function of the beam at 
%each frequency for the first md modes (truncate). 




num=phi(2,1:md)' .*modf(1:md); %sensor measures theta# 2 





% Discretize open loop system 
[numgd,dengd]=c2dm(numg,deng,T, •tustin' ); 
% Control Transfer Function 
flag1='y'; 
while flag1=='y' · 
disp('(1) Integral') 
disp('(2) Derivative & Filter') 
disp('(3) sqrt(s)') 
disp('(4) sqrt(s) & Filter: ') 
case=input('Enter Controller Type: '); 
gain=input('Enter gain factor: '); 
%Estimate square root of s 
zrs = [-.0001 -.01 -1 -100]; 





% Noise filter 
wc=input('Enter Filter cutoff frequency (radjsec): '); 
dmpf=.707; 
numf=wc-2; 
denf=[1 2*dmpf*wc wc-2]; 
[numfd,denfd]=c2dm(numf,denf,T, •tustin' ); 
if case == 1 
% Integral control 
numhd=gain*[T 0]; 
denhd=[1 -1]; 




elseif case == 3 
numhd=gain*numsd; 
denhd=densd; 
elseif case >= 4 [numhd,denhd]=series(numfd,denfd,gain*numsd,densd); 
end 
% Closed loop system 
[numcld,dencld]=feedback(numgd,dengd,numhd,denhd,-1); 
% Frequency Domain Evalutaion. 







title('Discrete Bode Plot: Open and Closed Loop (Ts=0.01 sec)') 
xlabel('omega (radjsec)') 




title('Discrete Bode Plot: Open and Closed Loop (Ts=0.01 sec)') 
xlabel('omega (radjsec)') 
ylabel ( 'Phase' ) 
% Time Domain Evaluation 
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% Plot output of open and closed loop system. 
flag='y'; 
while flag=='y' 









title('Response of System to Sinusoidal Input (Ts=O.Ol sec)'); 
xlabel('time (seconds)'); 
ylabel('theta (rad)'); 
flag=input('Try another disturbance frequency?(y/n) ', 's'); 
end 
























Finite Element Model 
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l0e+003. 
Columns I through 7 
0.0000 0.0005 0.0015 0.0008 0.0035 0.0054 0.0067 0.0070 0.0001 -0.0058 0 0038 -0 0018 -0.0007 0.0027 -0 0036 00027 
0.0013 0 0142 0.0412 0.0208 0.0782 0.0878 0.0479 -0.0452 -0.0011 0 1629 -0.3549 0.5559 -0.7169 0.8024 -0 74114 0.4N<i 
00002 0.0016 00043 0.0020 0 0065 0.0046 -0 0007 -0.0056 -0 0001 0.0063 -0 0023 -0.0028 0.0060 -0.00411 0.0005 0.0019 
0.0023 0.0195 00411 0 0108 -0.0003 -0.1177 -0.2064 -0.1344 -0 00 IS -0 0945 0.4203 -0.5095 01693 0.5259 -1.1435 I 0360 
0.0003 0 0028 00061 00019 0.0030 -0.0045 -0.0054 0.0022 0.0001 -0.0067 0.0008 0 0058 -O.OOJ5 -0 0039 0 0043 00007 
0.0032 0.0165 0.0118 -00131 -01000 -0.1100 0.1106 0.2379 0.0033 0.0333 -0.459 I 0.2047 0 5899 -0.6777 -0.5395 1.3528 
0.0006 0.0036 0.0057 0.0005 -0 0038 -0 0043 00055 0.0021 00000 0 00(,7 0.0008 -0.0058 -0.0035 0.0039 0.0043 -0 0007 
0.0039 0.0066 -0 0255 -0 0279 -0 0919 0.1153 0.1064 -0.2392 -0.0042 0 030(, 0.4587 0.2072 -0.5885 -0.6 791 0.5380 1.3530 
0.0008 0.0035 0.0032 -0 0011 -0 0065 0.0048 0.0005 -0.0055 -0 000 I -0 0063 -0.0023 0.0028 0.0060 0.0048 0 0005 -0 0019 
0.0044 -0 00115 -0 0469 -0 0193 00141 0.1126 -0 2069 0.1376 0.0037 -0.0920 -0.4191 -0.5107 -0.1717 0.5242 I 1433 I o:u, 7 N 
0.0011 0.0024 0 0004 -0 00 IS -0 0028 0 0053 -0 0067 0.0070 0.0001 00058 0.0038 0.0019 -0.0006 -0.0027 -0.0036 -0.0027 V) 
0.0046 -0 0266 -0 0343 0 0093 0 0800 -0 0923 0.0524 0.0415 -0 0013 0.1607 0.3530 0 5551 0 7171 0.8034 0.7497 0 41105 
0.0014 0.0001 -0.0002 0.0001 0.0001 -0 0001 0.0001 -0 0001 0.0001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 00000 
0.0048 -0.0451! 00197 () 0422 -0.0198 0.001!4 -0 0049 0 0031 00079 0.0022 0.0015 0.0013 0.0011 0.0008 00006 0 0003 
0.0021 -0.0072 0 0062 -0 0126 0.0016 -0.0003 0.0001 -0 0004 00221 0.0001 00000 00000 0.0000 0 0000 0 0000 0.0000 
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